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VEETICAL DISCEUT OP THE AUTOGIBO'«« 
3y J» A. J* Bennott 



I. SUMIIAEY 



Heretofore It has "been tacitly understood that the 
"blade of the autogiro is essentially a windmill . The pur- 
pose of this report is to show that only part of the sys- 
tem of rotating hlades really is in the "windmill decel- 
erating attitude" when the profile drag is sufficiently 
low, This particular part receives more torijue from the 
air loads than can he ahsorhed by the prof ile , drag. As a 
result thereof the rotating autogiro "blade, when its 
totqu0 is zero, is in part a propeller which funotipiis In 
the "annular vortex attitude*'* , 

11 thin tliis attitude and in the bordering part of 
"windmill decolerating attitude" the vortox theory of pro-^ 
pollers in iaapplicahlo. But Glauert** and Lock *** havf 
defined the characteristic curve in rolatlen to tWe non« 
dimensional parametors f and f from the data of pro- 
peller experiments in the range where the vortex theorjr 
is no longer tenahlo. 



II » ITOODUCflOH 



In the vortex theory of the propellers it is shown 
that the field of velocity, defined hy the annular am'bit of 
radii r and r + dr and "by two planes sufficiently close 



*"TJT3er den seakrechten Alsstieg eines Autogiro." Zeit- 
schrift fur flugtechnik und Metorluf tschif f ahrt» April 28, 
19o2, pp. 219-223. 

**Glausrt, H.: fhe Analysis of Experimental Sesults in 
the Windmill Brake and Vortex Ring States of €ai Airscrew, 
H, & li. Ho.. 1026, British A.H,C., 192S. 

***lock, 0. H. H., Bateman, H., and Townend, H, C. H# i An 
Extension of the Vortex Theory of Airscrews with Applica- 
tions to Airscrews of Snail Pitch, Incltxding Sxperimental 
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"before aaad "beM^it %Tie propeliex* - 

solved "by the angular yelpcity ..of the propeller , (ai-** 
suming i?lie rotatiou l^ tlie i^fl to "be 

zBVo) 9 and "by the mean axial Teiocity component *»el*- 
ative to the propeller circle through the respective cir'- ' 
cula^r surf ace f l|!EJits s^proximation is fulfilled quite 
closely I excepting the iimaedlate vi^iiilty of the tips, ' 
These quantities likewise reveal the resultant forces on 
the wing elements, and for that reason it is al^o possi*- 
hie to compute the liftiiis force dS jand the torque dM, 
expressed in 0) and Vq, from the "Wind tunnel data for a 
'blade section with respect to infinite aspect ratio for 
each "bla.de element of radius r. 

In order to express the process on a propeller math*- 
ematically it is necessary to estahlish a relationship he^ 
tween quantity v^^ at different radii and forward speed 
V of the prop^llor» a relation naturally strictly valid 
ill the entire velocity field around the propeller • Ac- 
cording to the theory of the vortex fields, the annular 
particles consisting of air particles which have passed 
the propeller circle between r and r + dr, rems.in the 
same even after jet contraction in the eddy zone, where 
tlie jet "beoomes cylindrical again, and the pressure drops 
to that * of the free air. Consequently, Va/v depends 
solely on the lift coefficient J relative to . Va: 



Conformably to the theory on vortex fields the relation 
"between "Va/v and F assumes the simple form of 



This relation retains its validity so long as a nor- 
mal jet development is possihle^ It is shown to he in- 
valid for sufficiently low Vq^ (positive or negative), 
ilut in this range the relation for the axial inflow (ac- 
cording to the theory of vortex fields) is reestahlished 
-by an empiricism, obtained by m^^ expressing 
the t#st 'data on model propellers* (See iocfe and Glauort - 
footnotes, page 1.) This empirical relation, shown in 
Sigure 1* interconnects the variables l/f and l/f t 
whereby the dependent variable f is defined as 



= (dH/dr)/(4 TT P Va^^r) . 




f « (dH/dr)/(4 TT P r) ^ (Ta^/v^) 



at^YQ to Y anft . ^.^-^^^ : ? r 

With l/f = 0 iA6&OT&±ng 'to :f±g^ 1), tli^ steady co-a-^ 
dition Y ~ 0 is at tained, ii^hateas . l/f tends toward a 
finite limiting valiio TTHich 'i^anges iSdtW^^ tha^ 
ory) and 2,Q (Glcvaort ^ Wlaeix 10 i^m^ 

OO-C^S^s . t^^^i^' iimifri;' . "^^ 'rcft^aiai;/ tjxo 

"li^oVmal-'r^^^ rea:cto:odi If- l/j drops, 

and -y: a.ssunici tlta 'cantrary jtJaQt.H annular Yortox 

at t i tuda " i B o\tMii0d^ - -G j ; dli Jtiii b point = 

Q and l/f assumes a definite limiting Yalua 2»0 
according , to (B'-atte'T c-am-d -^B-o ck)%^" •• . I' .v; • V;.: ; ..- >. : . i: 

If l/f exceeds this 1 i mi t , it r esul^ts lii Vg^/v 1 , 
the ^'windmill decelerating attitude," 

III. HOTATION 



speed of descent of autogiro, 

induced velocity on "blade element of 
length; 6jp:. - >.r;; *c x: ^ ' y-' 

radius of blvade: \elemeiit ^ " 

radius of Islade tips, " 

nwaTSer' ^o£^ "bladesv: I ■ • ■ • ' 

chord of "blade J. assumed conist ant! tT^om 
root to tip* 

tlacle angle, also assumed constaai>, 
couiite<i from zero lift settiag*. 

angle of attacfc pf a "blade element 
counted from zero lift setting, 

(ao - %) 

angtLlar velocity of "blade. 



^0' 

B, 
a, 

ag,. 
5. 
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■» ' •■ 

P, air density 0/125 "Hewtan" /m^ or kg b9Jx^) ^ 

0^9 lift coefficient, with a view to the tlro*-dimen^ 
slonal flow ^t ajigl© aq* ' 

Gwmt m#an vaSia^ f or % . Ijetween CCo =^ 0 * anil dp ^ 
mx maa: ^ ^gle at which the blade ±0 

stalled, ice*9 about 9? or Ool6 radlati for 
Sottingen wing sec'tioa Ho* 429). 

Bf, lifting force alojig axis of rotor = total 

weight of autogiro hy constant speed of de- 
iBcent'.*-^ 

dH, lifting force, due to the n "blade elements 
of radius r« 

dM, torq^ue set up by the n blade elements of 
radius r, 

I and f are defined by 

aa/dr = 4 rr r P (vo - f CD 

as/dr = 4 it r P v^s f (2) 

X, r/E* 

blade disk area loading = S/ (rr Ep ) • 

^1 > ' Oa/(2 a^)) =^ 3 ,0 (assumed)^ 

3Cx, (Yo/^E) ^/(cx 0 ag/2), 

'0, (^A/^ag)/tc ^ 

. ^ S 0) Og) - 4/T/(E C;, 0 0)) 
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0*1 alter t ' s data for tlie empi ri cal part ar e : 

I/F 0 0.25 0,5 0,75 l.O 

• . J2,00 1.08 0*80 0*60 0.50 

' ^'^ 12.00 2.87 3.17 3.41 3,63 

"The ensuing curve is in fairly close accord with the 
experimental values, when mafeing allowance for" the wind*^ 
tunnel effect. 

The ambit in which the autoglro hl.ade functions in 
vertical descent is: i/f < 1. The relation ie tureen f 
and F is now expressed bj* a simple formula. One eatis-^ 
factory approximatioii to Glauert^s cur.ve Is;, 

(1 ^ 2f)® ^ 3 f^/P, 

hut for the purpose at hand 

(1 « Zff - S (f/F)^ (3) 

is accurate enoughr The strai ght obtained "by this 
(3) are shown In Figure x .^''■''"'''^^ 



Y. THS BLADE ELIMSIT 

Disregarding the tangential component of the inter*^ 
f erence flow, the wind velocity relative to the b|ade el*^ 
ement ha3 the componehts: 

Im cor perpendicular to the bX%b of rotation and 
to the hlade element dr, 

11 • (vq w) pei*pendioular to the plane of rotation. 

The velocity components and the direction of lift and 
drag, in Pigure 2,* are for positive 6, that is, when the 
resultant axial flo'% through the blade circle is upward. 
If 6 ie email, tKeh 



Vq - w .==. 6 0) r 



(4) 
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In the f oliowiiig cMculation the stall of the hlade 
toward the root was .disregarded pt^acticed hy Glau^rt** 
so that the lift and drag coefficients can he ohtMned 
f r biii , . • . • • 

pa 2^ ca ao > . (5) 

Cw Cwm , (6) 

The lifting f oi^ce and the torque of a *blade element 
are giron "by ' - 

dk ^ n t P 0)^ Oa dr/s . ^ (7) 

dM^ n-t -P r3 (0^ 6 C^^) dr/2 * (8) 

YI'. DISTEIBUTION OF.IHBUGED VILOCIO?! ALONG THE BLADE 

Equations (l) and (2) yield: 

f /F ^ (yo - w)^/vo^ 

and equation (3) 

2f ^ 1 -/3"(vo - .^)^/'^o^ . 

when To > t, that is» when the hlade functions in the 
"windmill decelerating attitude," and 

2f = 1 +^/3'*(w - r^f /yq^ , 

when Tq < Wj that is, when the "blade element functions 
i n the " annul ar vortex at t i tude . » 

inserted in (2), this attains to 

dH/dr 2 7T r P (t^^ ^ jT ir^ - w)^) <9) 

when to > and 

dH/dr = 2 TT r P (Vo^ + /3 - Vo)^ ) (XO) 
wheii To < w. 

*aiauert, A General Theory of the Autogyro* S> & M. 

No, 1111, British A,E^G^/"192ff, 
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Puttiag tto - ag + 6, - (S.)-: and (7) r«sull la - 

dH/dr « 0, n t. P ..oj^ (c^^ ^, 6)- • ' (11)' 
With 0 = n t /<Tr 3?) , M[f ) ant <U) yield 

tor - To ^ '"^ Witii-'' \. ■■■■ '^Ot' ' 

P = 8/3'ag/(ci <J), 7 = 4/T/(ci E-0 0)), 

^1 == (v-o/^ E)^ /^=^--|'-^y and • x - r/a, we bave: 

Y®. (To - wf +27 (To - W> - p iXx -r X) , To *> W (12.) 

and similarly: 

7^ (w - To)^ +27 (w ~ To) ^ P (X - Xi), To < w (13) 
from (12) and (13) followt 



dw/dx = ^ « positiTe, To > / 



(14) 



fhat is, yr increases and (to - w) and 8 deer eases as 
X increases along the "blade lengtla, 

. ■ ' ■ ■ ■ ., C a '" 

from (12) and (13) follow: 



7 (v© - w) « I +yT + p ixi - x). To > w (15) 



7 (w - To) - - 1 +/^/l" + P (x - Xl) , To < w (16) 

TliB prefix of the roots in toth equations was so.,o1ao- 
sen that (14) is complied with. 

The "blade elemen> functions in /the "wihdmill deceler- 
ating attitude" when x < x±; if x > Xi the "annular 
vortex state" is reached* When Vp ^ w, the32t Xi — x. 

in the case of Xx < 1 the streamline pattern is as 
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in figure J5. ike "air particles reverse at the Islatle tips 
and' describe a closed path about the tip circle, • It is to 
he assliii^il therefore (^00 %ook footnot©, p^ge 1) that 
the 20310 out siil0 of the hlaae Gtrcie in im' a 6tate 0^^^ 
hulenGe and that.^ the flow intermingles , according to the 
follmien ^et mingling theory (Zeit sehrifC$ angewandte 
Matheaatik; und Mo^jhanlk $,1936), cdnfdrmahly to w^^ the 
momentum transport i s " explained as motibn -of the "molecu- 
lar" partieles^ In the presence of such turhulence, only 
that part of the streamline having already passed thi© ci**^ 
cle will return* • > . 



VII . ZERO QOHDITIOIJ f OR- THE TORQUE 



By uniform motion the torque must he come zero. Thus 
(8) yields 

/^ n t P OD^ (Cw - 8 Oa) <ir/2 (17) 
o 

In the case of Xi > 1, this equation changes be-^ 
cause of the insertion of the values for Cwt Oa and S 
from (4), (5), and (6), to 

= (vo-w)xs dz^+ % (vo-w)^ X dx (18) 

Substituting (12) and (15)' fo^ (vq w) and (Vq - 
w)^ , followed by ihtegration, affdrds 

M^2Sm^ ^ 105 6^ - ^ + ^ - ® (3. -f $ Xxf-^(B - P Xx) 

16 C i ug^ ^ V 3 3 |y 

-.8(1 - 0 + g xi)^^^(|^ I %t -5 p xi 

If < 1, aquation (17) attains to 

+ M /^^ (vo-w)^ X dz + li (w-^vo)^ X dx (20) 
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+38 ^ 3Ci*6) (X+p Xx) 



s/s 



(21) 
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lor Xj. >,1, th.© iategyation of (9), togetlier wit]^, 
(15) or (12) substituted iot (vq - t) . ana. . (vq - w)^' 
concedes the lifting force. Thus, 



= (p - 3) t2 (X + P xi) 

. 3/2 



s/s 



2 17 P " 5 p' 

- (3+3P+2P 4f^i)^ (X-p+P «ci)^' ^] , zi > X (22) 
for Xi < X>;v ■equation b ( 9) and (xO) fmrsitsli 
•glj^ = / CVo^« ^/^Vo--r)2] X 4x+ ^ [vo^ + /3 (i^^vo)^] x dx 

f lie^ m^^^^ trm (12) , (13) , (16> (16) , 

followed "by integr atloa^^^^m^ 



2 TT P . , X5 p 



i% - 6 XiS) 



3/2. 
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Equations (19) an& (21) afford xi as function of 
tlia three fundamanfe^^^ a^, a and Owm* '^'^^ def>- 

1 n i t i on of t lae s e i ndl f^||^^ s e piice 4 e s l^y gr oaij 

solution Xi f rbm bIII^^ (3i|^^^^^^ to 

wliether Xx > 1 or 1C| ^ 1 r llie tlitil w^^^ f bi* 

Xi are written in (2 2) b y^ (23), wharefrbin the corredpbnd*^ 
iiig values for 0) H V (9/0 are obtained, (i loading 
of "blade dig^te area (^^ l/(Tr I^)). To. .make the results 
more comprehen^^^ put^ i 9 #76 ifeg/i# si 2 Ib./sq.ft* 

ihe di stribution of - the induced- .:v-elooity' can be com- 
puted from (15) or (16) and thS talues for Yq, after 
defining Xi , from 

Vo/(o) E) >= .(ci' a ag 3ti/2)^''®. 

ia.bles I, II, and' ill shb'w the effect of the change 
in fineness, profile drag and blade angle* jhe results 
are gra^phed in Figures 4| 5> and 6'»' 



The above calculation affbrds an explanation for the 
great par^bchute apt ion of the aul.b&iro, which means the 
ratio of drag coefficient (referred to bla.de disk area: 
2 H/ (it P Yo^)) *o drag coefficient of the imperme^ 

able annular disk. • If this ratib became greater than 1, 
it was followed by difficulties up to now. In fact, a 
previous report on propellers with low pitch* drew the 
conclusion that the drag of a. propeller which 3?ot.ated 
Without torque, Cannot exceed the drag, of an imperiaeable 
annular disk. This conclusion, however, was subsequent-* 
ly computed by experimental tests.. (£• & Mi Ifo* 1014 ^ 
fbotnote, page 1,^ The drag coefficient of an Impermea- 
bio circular disk in f-ree air is approximately 1.2 and, 
according to Glauert (Ba & Mt 1111 - footnote, page 

6) the maxiidauB value of an autoglro is 2«0, The latter 
figure rests on the assumptibn that the mean value of f 



*Lock, Gt H. Ho, and Bateman, H^; Some Experiments on 
Airscrews at Zero Torque, with Applications to a Hellcop-* 
ter Descending with Ingine "Off" and to the Design of 
Windmills* & Ho» 885, British A.R.C., 1923. 



over tiae emtir© Mnk area. imtt^^^^T^^^^^ O^B (t^m fS^g* 

1) , i.e., that m m average tb© T®i#0it;f Ifeliroixgji Vim Aial 
must "be upward. 

It is readily apparent that the mean velocity througli 
the disk is mostly zqto and that the maximum (2H/(ttE^P 
Vq^) — 2«0) is practically almost reached, because the 
evaluation of section IX reveals the value for 2H / (rrS^ P Vq^. ) 
between lo73 and 1.98; for a = 0.07, ag = 4^ and C^m 

O.Ol it becomes 1 •86. Because of the semi--empirical ohar*- 
acter of this assumption, upon which the present theory 
was built up, it does not preclude still higher parachute 
actions, but rather that the limit lies at around 1^7 (i^otf 
2H/(tt P V0^) = 2,0) conformably to the test data ob- 
tainable at the present timet 

It is perhaps superfluous to add that the steady llm*^ 
iting speed in vertical descent' lies above the minimum at 
which an oblique landing with stopped engine can be efr 
fected. The theory of this kind of l#nding forms the sub-* 
^ect of a further, investigation* 

The Writer expresses his appreciation to Senor de la 
Oierva and to Professor Prandtl for their support in the 
drafting of this article. 
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TABLE III. INJLUSirOIl 0? ILADE AIGLl 
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figs, 1^2,3 




a, Tlioory of vortex fields, 

"b, (Jiaaert (eripirical) 

c, (1 ^ 2f)^ ^ 3 ifM^ 

d, Theory of vortex fields, 
f t= J«/(l - 7)2 
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